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2The averaging hypothesis tacitly assumed in standard cosmology was discussed by using RG methods by Carfora
and Piotrkowska [9]. A critical behavior that can be related to the formation of sheet-like structures in the Universe
is obtained and explicit expressions for the normalized Hubble constant and for the scale dependence of matter
distribution is also provided. The observable scaling properties in Newtonian cosmology have been considered in [10].
The quantitative scaling properties have been analyzed by calculating the characteristic exponents around each xed
point, thus leading to the possibility of a fractal structure of the Universe beyond a horizon scale. The RG method
has been applied to the Einstein equations in cosmology by Iguchi, Hosoya and Koike [11], who carried out a detailed
analysis of renormalization group ows in the vicinity of the scale invariant xed point in the spherically symmetric and
inhomogeneous dust lled Universe. The rst order solution of long-wavelength expansion of the Einstein equations
has been improved in [12]. By assuming that the RG transformations have the property of Lie group, the secular
divergence caused by the spatial divergence terms can be regularized and absorbed to the background seed metric.
The renormalized metric describes qualitatively quite well the behavior of the gravitational collapse in the expanding
Universe.
It is the purpose of the present paper to apply the RG and other Lie group techniques to the analysis of the bulk
viscous cosmological models. We also consider this class of cosmological models from the point of view of the theory of
dynamical systems theory, investigating dissipative models which in the long time limit have the perfect uid solution
limit.
Dissipative processes are supposed to play a fundamental role in the evolution and dynamics of the early Universe.
Over thirty years ago Misner [13] suggested that the observed large scale isotropy of the Universe is due to the action
of the neutrino viscosity which was eective when the Universe was about one second old. Bulk viscosity may arise
in dierent contexts during the evolution of the early Universe. Some physical processes involving viscous eects are
the evolution of cosmic strings, the classical description of the (quantum) particle production, interaction between
matter and radiation, quark and gluon plasma, interaction between dierent components of dark matter [14].
The rst attempts at creating a theory of relativistic dissipative uids were those of Eckart [15] and Landau and
Lifshitz [16]. These theories are now known to be pathological in several respects. Regardless of the choice of equation
of state, all equilibrium states in these theories are unstable and in addition signals may be propagated through the
uid at velocities exceeding the speed of light [17]. The problems arise due to the rst order nature of the theory i.e. it
considers only rst-order deviations from the equilibrium leading to parabolic dierential equations, hence to innite
speeds of propagation for heat ow and viscosity, in contradiction with the principle of causality. Innite propagation
speeds already constitute a diÆculty at the classical level, since one does not expect thermal disturbances to be carried
faster than some (suitably dened) mean molecular speed. Conventional theory is thus applicable only to phenomena
which are quasi-stationary i.e. slowly varying on space and time scales characterized by mean free path and mean
collision time [18]. This is inadequate for many situations in high-energy astrophysics and relativistic cosmology
involving steep gradients or rapid variations. The deciencies can be traced to the fact that the conventional theories
(both classical and relativistic) make overly restrictive hypothesis concerning the relation between the uxes and
densities of entropy, energy and particle number.
A relativistic second-order theory was found by Israel [17] and developed by Israel and Stewart [18] into what is
called transient or extended irreversible thermodynamics. In the second order theory the deviations from equilibrium
(bulk stress, heat ow and shear stress) are treated as independent dynamical variables leading to a total of 14
dynamical uid variables to be determined. However, Hiscock and Lindblom [19] and Hiscock and Salmonson [20]
have shown that most versions of the causal second-order theories omit certain divergence terms. The truncated
causal thermodynamics of bulk viscosity leads to pathological behavior in the late Universe while the solutions of the
full causal theory are well behaved for all times. Causal bulk viscous thermodynamics has been extensively used for
describing the dynamics and evolution of the early Universe and some astrophysical process [21, 36].
The fact that the Universe has some hierarchical structure and that the scale invariant solutions of the gravitational
eld equations plays an important role is well known [11]. The homogeneous Einstein equations have scale invariance
and using this property we apply the RG method to study the long-time asymptotics of the general relativistic eld
equations describing the evolution of a homogeneous causal bulk viscous uid lled Universe. In this paper we shall
closely follow the approach to the RG method presented in [11].
The renormalization group approach shows the particular role played by the exponent s of the density in the equation
of state of the bulk viscous coeÆcient. The gravitational eld equations are invariant under scale transformations
only for the value s = 1=2 of the exponent. This basic result is also re-derived by using two alternative approaches
to describe the qualitative behavior of bulk viscous cosmological models: dimensional analysis and the study of the
structural stability of the model. Dimensional analysis, despite its apparent simplicity, can provide an eective and
eÆcient tool for investigating general properties of cosmological models.
The natural requirement that in the long time limit all bulk viscous cosmological models must have the perfect
uid limit, described by the standard Friedmann-Robertson-Walker (FRW) cosmologies, opens an other possibility
for the study of the exponents in the equation of state. By using this time methods from dynamical system theory
3we obtain again the results for the equation of state previously obtained by using group theoretical considerations.
The present paper is organized as follows. In Section II we investigate the scaling properties of the basic equations
of the causal thermodynamics in a homogeneous space-time and their implications on the equation of state of the
cosmological causal bulk viscous uid. The ow in the RG around the xed points of the renormalization group
equations is considered in Section III. In Section IV we discuss our model i.e. a full causal bulk viscous at FRW
model from the dimensional point of view. We show how the same result for the equation of state can be obtained
writing the eld equations in a dimensionless (gauge invariant) way. As a general result we nd that if s 6= 1=2,
the constants G or c or both should vary. Section V is dedicated to the study of the structural stability of the
model. Using this method we can determine again the arbitrary exponent in the state equation of the bulk viscosity
coeÆcient. Finally in Section VI we discuss and conclude our results.
II. RENORMALIZATION GROUP TRANSFORMATIONS AND THE EQUATIONS OF STATE





























where  is the energy density, p the thermodynamic pressure,  the bulk viscous pressure and u
i
the four velocity




= 1. We use units so that 8G = c = 1.











=  p  ; (3b)
_ + 3 ( + p)H =  3H; (3c)
where H = _a=a is the Hubble parameter.
The causal evolution equation for the bulk viscous pressure is given by [36]

_


















where T is the temperature,  the bulk viscosity coeÆcient and  the relaxation time. Eq. (4) arises as the simplest




















is the particle ow
vector) [18, 19].
We shall also suppose that the bulk viscous cosmological uid obeys the barotropic equation of state
p = (   1); 1    2: (5)

















 0 is a constant of integration.




a (t)  L
n
a(Lt); (8)
where L > 1 is the parameter of the scale transformation and n is a constant. With the use of Eqs. (7)-(8) from the
Hubble parameter denition and from the eld equation (3b) it follows that the Hubble parameter and the energy
density are scaled in the following way:
H(t)!
(L)
H (t) = LH(Lt); (9)
 (t)!
(L)
 (t) = L
2
 (Lt) : (10)














Therefore Einstein gravitational eld equations (3) are invariant under the scale transformations. The scaled
variables satisfy the original equations. Since the eld equations are scale-invariant, it is natural to impose the same
condition of the scale invariance to the causal evolution equation of the bulk viscous pressure (4). Eq.(4) is scale
invariant with respect to transformations (7)-(12) if the relaxation time  , the bulk viscosity coeÆcient  and the
temperature T obey the following scaling laws:
 (t)!
(L)
 (t) = L
 1
 (Lt) ; (13)
 (t)!
(L)
 (t) = L (Lt) ; (14)
T (t)!
(L)
T (t) = L
m
T (Lt) : (15)
where m is a constant. The causal evolution equation does not impose a specic scaling for the temperature.
In order to close the system of eld equations (3)-(4) we have not only to give the equation of state for p but also
specify T ,  and . There are many proposals in the physical literature for equations of state for the relaxation time,
temperature and bulk viscosity coeÆcient [20], [37, 41].
Murphy [39], Belinskii and Khalatnikov [40] and Belinskii, Nikomarov and Khalatnikov [41] have analyzed the
relativistic kinetic equation for some simple cases. Their results show that in the asymptotic regions of small and
large values of density the viscosity coeÆcients can be approximated by power functions of the energy density with
denite requirements on the exponents of these functions. For small values of the energy density it is reasonable to
consider large exponents, equal, in the extreme case, to one. For large  the power of the bulk viscosity coeÆcient
should be considered smaller (or equal) to
1
2














where   0,   0, r  0 and s  0 are constants. Equations (16) are standard in cosmological models also giving
a simple procedure to ensure that the speed of viscous pulses does not exceed the speed of light [40, 41]. With this











 (t) = L
2s
 (Lt) = L (Lt) ; (17)
where we have also used Eqs. (13)-(15). From Eq.(17) it immediately follows that a scale invariant bulk viscosity
coeÆcient must have s =
1
2
and therefore the only physically acceptable behavior of the bulk viscosity coeÆcient is of
the form   
1=2
 H . In fact this result immediately follows from Eq. (17) since the bulk viscosity coeÆcient has
the same scaling transformation law as the Hubble parameter. In this way in scale-invariant bulk cosmological models
the bulk viscosity coeÆcient is also determined by the expansion rate. On the other hand s =
1
2
is the case for which
the gravitational eld equations for a at causal bulk viscous cosmological uid has been intensively investigated in
the recent physical literature [31], [42, 44].
The scaling property of the relaxation time can also be obtained easily and is given by:










 (t) = L
2s 2
 (Lt) = L
 1
 (Lt) : (18)




5In the context of irreversible thermodynamics p, , T and the particle number density n are equilibriummagnitudes
which are related by equations of state of the form  =  (T; n) and p = p (T; n). From the requirement that the

















. For the equations of state (16)
this relation imposes the constraint r = (   1) = [36] so that 0  r  1=2 for 1    2, a range of values which is
usually considered in the physical literature [31]. Therefore we obtain the following scaling law for the temperature
of the causal bulk viscous cosmological uid obeying the state equations (16a-16c)


















T (Lt) : (19)
An alternative set of equations of state has been used by Coley, van den Hoogen and Maartens [34] to study the




















, m and n constants. By writing, with the use of Eqs. (20)-(22), the Einstein eld equations as a plane
autonomous system the qualitative behavior of the system can be determined.













invariance of the gravitational eld equations implies a time-dependent curvature parameter k(t) having the following
RG transformation property: k(t)!
(L)
k (t) = L
2(3 2)
3
k(Lt) [11]. With this transformation property of k(t) the other
physical quantities have the same transformation properties (7)-(13) as in the at case.
The scaling behaviors of the bulk viscosity coeÆcient and of the relaxation time are given for the phenomenological
choice of the equation of state Eqs. (20)-(22) by
 (t)!
(L)






































Therefore the equations of state (20)-(22) are scale invariant for all m and n. The resulting gravitational eld
equations describing non-at FRW type space-times lled with causal bulk viscous cosmological uid are also scale-
invariant in the framework of this phenomenological model.
III. RENORMALIZATION GROUP EQUATIONS AND LONG TIME BEHAVIOR ANALYSIS


















 (t) = t
(t)
 (1): (25e)
6To obtain the renormalization group equations we introduce the parameter of the renormalization group transfor-
mations in the form L = e














































With the use of the (scaled) gravitational eld equations and of the evolution equation of the bulk viscous pressure













































































































) of the RG equations is given as a solution of the system of algebraic equations



















From the ow in the RG around the xed point we can see the long time-behavior of causal bulk-viscous uid lled
at Universe, once the equations of state for the bulk viscosity coeÆcient, relaxation time and temperature are given.
As an application of the mathematical formalism presented above we shall consider the long time-behavior of the







this case the gravitational and causal bulk evolution equations are scale-invariant. The equations of state take the










. The causal bulk viscous pressure evolution equation is

_































































































The last two equations (31e), (31f) do not follow from the renormalization group equations but have been introduced

















= 0. This shows that even this simple
scale invariant equation of state for the bulk viscosity is inconsistent with the RG equations. But since vanishing bulk
viscous pressure implies vanishing bulk viscosity coeÆcient, we shall assume that the bulk viscosity coeÆcient is zero
in the xed point.
The xed point of the RG equations corresponds to a at non-viscous Friedmann Universe. In order to study the











































































are assumed to be small quantities, Æ
(L)
a << 1 etc. From the




























































 = 0; (34)
































 = 0: (35)
8The general solution of Eq. (35) is given by
Æ
(L)


















































From (37) it follows that r
2
< 0; 8;  while the sign of r
1


















> 0, (  >
p
3 ) then r
1





With the use of Eq. (36), equation (34), describing the evolution of the perturbation in RG of the scale factor of
































and has the general solution given by
Æ
(L)



















; i = 1; 2; 3 are constants.
From Eq. (39) we can see the ow in the RG around the xed point. For  <
p
3 the xed point is an attractor.
For  >
p
3, there is a single relevant mode. For  <
p
3, setting the initial prole in the vicinity of the xed point
(31), the at causal bulk viscous Universe with bulk viscosity coeÆcient proportional to the Hubble parameter will




. If  >
p
3 the space-time will





. This mode corresponds to a
growing mode, which implies a gravitational instability.
IV. DIMENSIONAL ANALYSIS OF BULK VISCOUS COSMOLOGICAL MODELS
In the previous Sections we have obtained some restrictions to the equation of state for the bulk viscosity coef-
cient by imposing the condition of scale-invariance to the gravitational equations describing a causal bulk viscous
cosmological uid lled homogeneous at Universe, leading to the value s =
1
2
of the exponent of the energy den-
sity. Scale-invariance is a particular case of self-similarity (dimensional analysis). For the use of dimensional analysis
methods in physics and astrophysics see [46, 47]. In this Section we show how the same result can be obtained writing
the eld equations in a dimensionless (gauge invariant) way. As a general result we nd that if s 6= 1=2, the constants
G or c or both should vary.
Consider again the eld equations and the bulk viscous pressure equation given by (3)-(4), together with the
equations of state (5) and (16). To change to international units in these equations we must substitute in the








































































The  monomia is the main object in dimensional analysis. It may be dened as the product of quantities which
are invariant under change of fundamental units.    monomia are dimensionless quantities, their dimensions are
equal to unity. The dimensional analysis has structure of Lie group [48]. The   monomia are invariant under the
action of the similarity group. On the other hand we must mention that the similarity group is only a special class
9of the mother group of all symmetries that can be obtained using the Lie method. For this reason when one uses





























































where b = 1=(s   1).
It is easy to observe that the only physically acceptable case is b =  2, corresponding to s = 1=2. The dimensional





(in natural units 
2
= 8). If s 6= 1=2 the fundamental "constants" G or c must vary, but in a reasonable physical
approach we need to impose the condition G=c
2
= constant, uniquely xing the value of the coeÆcient s.
V. STRUCTURAL STABILITY OF BULK VISCOUS COSMOLOGICAL MODELS
In order to use the renormalization group method it is necessary to assume the property of scale-invariance for the
eld equations and equations of state. The xed point obtained under this assumption is precisely the FRW spacetime,
lled with a perfect cosmological uid. In this Section we consider the analysis of bulk viscous cosmological models
from the point of view of dynamical systems theory. This method has already been used in the study of non-causal
viscous uids [49]. Applying it we can again determine the arbitrary exponent in the state equation of the bulk
viscosity coeÆcient.
As a basic physical requirement we suppose that the causal bulk viscous model approximates the dynamics of a
perfect uid and assume that in the long time limit the dynamics of the Universe is that of the the at FRW model.
On a large scale the Universe is well described by the classical at FRW models. It is natural to suppose that some
perturbation of these models by introducing a dissipative parameter like the bulk viscosity do not modify essentially
the cosmological evolution even at early times. Viscous dissipative terms can altere signicantly the thermodynamical
behavior of the early cosmological uid but we do not expect a major modication in the scale factor.
With these assumptions we can use mathematical techniques of the dynamical system theory to select a correct
equation of state for the bulk viscosity coeÆcient, i.e. the values of the parameter s, in such a way that the viscous
model describe a homeomorphic dynamic to the at FRW model. The main idea is to seek for viscous models with
FRW symmetries which, in a structurally stable way, approximate the dynamics of ordinary (perfect uid) FRW
models.
A natural environment to study rst order autonomous ordinary dierential equations
dx
dt
= P (x; y; z);
dy
dt
= Q(x; y; z);
dz
dt
= R(x; y; z); (47)
is a three-dimensional dierential manifoldM to every point p = (x; y; z) of which the tangent space T
p
M is associated.
The vector eld X 2 X(M ) = X(p) = (P (p); Q(p); R(p)) 2 T
p
M of class C
1
. The set X(M ) of all such vector elds on
M is called the space of dierential equations on M .
The solution curves, 
t
(p) called also phase trajectories, of a vector eld X(p) on M dene a one-parameter group
of transformations 
t
: M !M where t 2 (a; b) : If M is compact then t 2 R. 
t
is called the dynamical system.
Two vector elds X;Y 2 X(M ) are said to be topologically equivalent if there is a homeomorphism h : M ! M
preserving the orientation of the solution curves of X into those of Y .
10
Let D  M be a compact subset of M . We say that X 2 X(D) is structurally stable if there is a neighborhood
N (X) of X in X(D) such that for every Y  N (X), Y is topologically equivalent to X, i.e. there is an orientation
preserving homeomorphism transforming the phase trajectories of X into those of Y .
In the following we seek spatially homogeneous and isotropic bulk viscous solutions of the gravitational eld equa-
tions which, in a structurally stable way, approximate the dynamics of ordinary (perfect uid) FRW models; or,
more precisely, we will look for such spatially and isotropic solutions which, after being perturbed by the dissipative
parameter, yield the dynamics topologically equivalent to those of FRW models.
If we take into account the state equations (5) and (16a) the gravitational eld and the bulk viscous pressure



































H = 0; _ = 0;
_
 = 0; (49)





;  =  : (50)


































































< 1 holds for all  6= 1 (the case  = 1 describing dust matter must be excluded from the discusssion).
Therefore, as has already been pointed [42, 43, 45] causal bulk viscous cosmological models with s = 1=2 describe
a two-phase evolution of the Universe. The Universe is born from a zero energy density vacuum state and in the rst
phase the energy density is increasing to a maximum value. This period corresponds to a phase of matter creation.
After reaching a maximum value, due to the expansion of the Universe, the energy density becomes a monotonically
decreasing function of time and the second phase describes a standard evolution of the bulk viscous causal cosmological
uid. Hence in this framework bulk viscous processes can model matter creation in the early Universe.
The ultra-sti case of the Zel'dovich uid,  = 2 also gives  = 0, but from this value we cannot nd the value for
s:
The structurally stable approximation of the system perturbed by the viscous parameter must have the same critical
points as the unperturbed system. The unperturbed system has no critical points except the point (H; ) = (0; 0).
Therefore it is observed that the only structurally stable approximations to the at FRW solutions are those with
 = 
1=2
, i.e. s = 1=2.
11
VI. DISCUSSIONS AND FINAL REMARKS
In the present paper we have performed an analysis of the at homogeneous bulk viscous cosmological models by
using several mathematical techniques. As a rst approach we used the RG method, in the version developed for the
study of asymptotics of non-linear evolution equation. For the at FRW geometry the Einstein gravitational eld
equations are invariant with respect to the scale transformations of the time, energy density and Hubble parameter.
Therefore it is a natural requirement that the causal bulk evolution equation must also be scale invariant with respect
to the same group of transformations leaving invariant the gravitational eld equations. This condition leads to
specic scale transformation laws for the bulk viscosity coeÆcient and relaxation time and imposes strong constraints
on the equations of state relating these parameters to the energy density of the cosmological uid. By using this
method we have shown that the most used system of equations of state, expressing the bulk viscosity parameter and
relaxation time as a power of the energy density,   
s
,   
s 1
is scale invariant for only one value of the exponent
s. This result raises the question if the phenomenological equations of state proposed up to know can provide even a
very approximate description of the behavior of the cosmological uid in the very early Universe.
The RG analysis also provides a powerful method for the study of the long-time asymptotics of the gravitational
eld equations. This can be done by the study of the ow around the xed point of the RG group equations. For
the cosmological model having the bulk viscosity coeÆcient proportional to the Hubble parameter H, the xed point
corresponds to a at ideal (non-viscous) Friedmann type geometry. Due to the presence of viscous eects the geometry
of the perturbed Universe will deviate from that of the xed point and the linear analysis of perturbations indicates
the nal state of the bulk viscous Universe. In the considered cosmological model the long-time behavior of the space-
time depends on the ratio of the constant  relating  to H and .
The results obtained by using the RG group methods for the equation of state of bulk viscous matter can be obtained
by using two other dierent mathematical formalisms: dimensional analysis (which is also a Lie group approach) and
the theory of dynamical systems. These methods also lead to the possibility of the determination of the state equation
of the bulk viscous matter by using very general assumptions.
Bulk viscous cosmological models have been investigated in the past years from many dierent points of view. The
methods of the RG, dimensional analysis and dynamical systems theory as applied in a systematic manner to this
class of models, can become a valuable tool for cosmologists leading to a better understanding of the nature, behavior
and properties of our Universe.
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